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Introduction 

While specific examples of infinite-dimensional Lie groups have been studied extensively 
and are well understood, in the general theory of infinite-dimensional Lie groups even very 
fundamental questions are still open. Various important unsolved problems were recorded 
in the preprint [17] by John Milnor in 1982; most of them have resisted all attempts at a 
solution so far.^ In the present article, we give a partial answer to Milnor 's third problem: 
" Is a continuous homomorphism between Lie groups necessarily smooth ? " As our main 
result, we show that every Holder continuous homomorphism is smooth. More precisely: 

Main Theorem. Let f : G ^ H be a homomorphism between Lie groups modelled on 
real locally convex spaces. If f is Holder continuous at 1 and the modelling space of H is 
Mackey complete, then f is smooth. 

In particular, the Main Theorem applies to Lipschitz continuous homomorphisms. Milnor 
only considered Lie groups modelled on complete locally convex spaces. Mackey complete- 
ness is a very natural and useful weakened completeness condition [14] . 

A simple special case. The basic idea underlying our approach is most easily explained 
for one-parameter groups. It is helpful to keep this simplest special case in mind as a 
guideline also when dealing with the general case (which is much harder). Thus, consider 
a continuous homomorphism ^ : M — > G from M to a Lie group G modelled on a locally 
convex space E. Using a chart, we identify an open identity neighbourhood of G with an 



^Milnor's second problem (does every closed subalgebra correspond to an immersed Lie subgroup?) 
had in fact already been solved earlier by Omori [19] (in the negative). The other three main problems 
remain open. Various smaller problems mentioned in Milnor's preprint could be settled: A Lie group 
whose exponential map is a local diffeomorphism at need not be of Campbell-Hausdorff type [20, §3.4.1]. 
A real or complex analytic Lie group need not be of Campbell-Hausdorff type [7, Rem. 4.7(b)]. The com- 
plexification of an enlargible real Banach-Lie algebra need not be enlargible [10, Ex. VI. 4]. A connected Lie 
group modelled on a locally convex space is abelian if and only if its Lie algebra is abelian [5, Prop. 22.15]. 
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open 0-neighbourhood in E. Making use of the first order Taylor expansion 



x'^ ^2x + R{x) 

of the squaring map around the identity 0, for small t G M we obtain $^{t) = = 
2^(|i) + R{^{^t)) and thus ^(i^) = l^{t) - Applying this formula twice yields 

Similarly ^(2-'^t) = 2-"^(t) - ELi 2''"""^^(^(2"''t)) for all n e N, by induction. After 
re-parametrizing ^, we may assume that t = 1 can be chosen here. This gives 

= ^(1) - E 2'-'Rm-')) for all neN. (1) 

k=l 

Now assume that ^ is Holder continuous at 0, with Holder exponent a e ]0, 1]. Then ^(2"*^) 
is of order (9(2"'^") (as k — > oo). A first order Taylor remainder being at most quadratic 
in the order of its argument, we sec that i?(^(2-^')) is of order 0(2-2^'"). Therefore the 
summands 2''~^i?({(2~'')) in (1) are of order 0{2^^~'^°'^^). If a G the preceding 

estimates show that n i— > X^^^i 2*^~''^-R(^(2~'^)) is a Mackey-Cauchy sequence in E and 
hence convergent if E is Mackey complete. Thus lim„^oo exists in E, and apparently 
this limit gives us a candidate for ^'(0). Of course, it remains to show that ^'(0) really 
exists (this is less obvious!), and that existence of .^'(0) entails smoothness of ^. Also, it 
remains to remove the requirement that a > | (but all of this can be done) . 

Organization of the paper. After a brief description of the setting of differential calculus 
used in the paper, in Section 1 we discuss various properties a mapping between open 
subsets of locally convex spaces (or manifolds) can have at a given point: Holder continuity 
at X, total differentiability at x, and feeble differentiability (an auxiliary notion which we 
introduce for internal use). In Section 2, we show that C^-homomorphisms between Lie 
groups modelled on real locally convex spaces are smooth (Lemma 2.1), and we show that 
a homomorphism is if it is totally (or merely feebly) differentiable at 1 (Lemma 2.2). 
Section 3 is devoted to the proof of the Main Theorem (Theorem 3.2). In view of the 
reduction steps already performed, the crucial point will be to deduce total differentiability 
at 1 from Holder continuity at 1. Although our main result concerns real Lie groups, some 
of our considerations are not restricted to the real case and have been formulated more 
generally for valued fields (at little extra cost). This enables us to show in Section 4 
that Holder continuous homomorphisms between p-adic Lie groups modelled on Mackey 
complete polynormed Qp- vector spaces are (Theorem 4.1). Proofs for various auxiliary 
results, which are best taken on faith on a first reading, are compiled in two appendices. 

Analogues in convenient differential calculus. In the subsequent paper [8], variants 
of the ideas presented here are used to show that every >Cip°-homomorphism between Lie 
groups in the sense of convenient differential calculus (as in [14]) is smooth in the convenient 
sense. More generally, this conclusion holds for "conveniently Holder" homomorphisms [8] . 
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1 Basic definitions and facts 



We compile and develop basic material. The proofs are recorded in Appendix A. 

Differential calculus in topological vector spaces 

We are working in the framework of differential calculus known as Keller's -theory [13] 
(going back to Michal and Bastiani), as used in [4], [11], [16], [17], [18] and generahzed to 
a differential calculus over topological fields in [2]. We recall some of the basic ideas. 

1.1 Let £^ be a real topological vector space, F be a real locally convex space, and U C E 
be open. A map f : U ^ F is called if it is continuous, the directional derivative 

df{x, y) := -§i\^^(^fix + ty) exists for all x E U and y E E, and the mapping df: U x E ^ F 
so obtained is continuous. Inductively, we say that / is C'^'^^ (for A; > 1) if / is and 
df -.U X E ^ F is C^. The map / is called or smooth if it is for aU /c G N. 

1.2 If / : E D f/ F as before is C\ define /l^l : i/W ^ F on the open set f/l^l : = 
{{x,y ,t) e U X E X X + ty e U} E E X E X ^ Yia /W(a;, y, t) = ^f{x + ty) - f{x)) 
if t 7^ 0, f^^^{x,y,0) := df{x,y). Then /'^l is continuous, because for small t we have 
the integral representation f^^^{x, y, t) = df{x + sty, y) ds, by the Mean Value Theorem. 
Furthermore, by definition of f^^\ 

/W(x, y, t) = j{f{x + ty) - f{x)) for all {x, y, t) e C/l^l such that t ^ 0. (2) 

If, conversely, f : U — > F is continuous and (2) holds for a continuous map /'^l : f/t^' F, 
then / is C\ with df{x, y) = limt^o t-\J{x+ty)- f{x)) = lim^^o /W(^, t) = f^\x, y, 0). 

The preceding characterization of C^-maps is a useful tool for various purposes. Beyond 
the real case, the characterizing property just described can be used to define C^-maps [2] : 

1.3 Let E and F be (Hausdorff ) topological vector spaces over a topological field K (which 
we always assume Hausdorff and non-discrete), and U C Ehe open. Let C/'^l := {(x, y, t) e 
U X E xW: X + ty E U}. A map f:U F is called if it is continuous and there exists 
a (necessarily unique) continuous map /[^^ : t/t^l F such that (2) holds. Inductively, / is 
called C"=+i for A; e N if / is and /'^l : C/l^l ^ F is The map / is C°° or smooth if 
it is C'^ for all A; e N. We write for C'^ if we wish to emphasize the ground field. 

By [2, Prop. 7.4], the definitions of C'^-maps given in 1.1 and 1.3 are equivalent for maps 
into real locally convex spaces. Compositions of C^-maps being [2, Prop. 4.5], manifolds 
and (smooth) Lie groups modelled on topological K-vector spaces can be defined in the 
usual way. For further information, see [18] (real case) and [2]. Examples of infinite- 
dimensional Lie groups over topological fields can be found in [9] . 
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1.4 A valued field is a field K, equipped with an absolute value |.| : K — > [0, oo[ (see [21]); 
wc require furthermore that the absolute value be non-trivial (i.e., the corresponding metric 
defines a non-discrete topology on K). Every valued field is, in particular, a topological 
field. A topological vector space E over a valued field K is called polynormed if its vector 
topology arises from a family of continuous seminorms q: E —>■ [0,oo[. Thus polynormed 
vector spaces over K e {M, C} are the usual locally convex spaces. We also write ||.||q := g, 
for better readability. Given x & E and r > 0, we let B^{x) :— {y & E: \\y — x\\g < r} be 
the open g-ball of radius r around x. 

Our studies hinge on Taylor's formula [2, Thm. 5.1]: 

Proposition 1.5 If k E N and f : E ^ U F is , then there are continuous functions 
aj-.U X E ^ F for j — 1, . . . ,k and a continuous function Rk : U^^^ — > F such that 

k 

fix + ty) - fix) = J2 y) + M^, y, t) for all (x, y, t) e C/W 

and Rkix, y,0) = for all (x, y) E UxE. The functions aj and Rk are uniquely determined, 
Gjix, .) is homogeneous of degree j , and j\ajix,y) = fix,y, ...,?/) for all ix,y) e UxE.O 

Here d^ f : U x E^ ^ F denotes the jth differential of /, defined in terms of iterated 
directional derivatives via d^ fix, yi, . . . , yf) := iDy^ ■ ■ ■ Dy.f)ix). 

Lemma 1.6 Let E and F he polynormed vector spaces over a valued field K and f : U ^ F 
be a C^-map on an open subset U C E. Let Xq E U , q be a continuous seminorm on F, 
and C > 0. Then there exists a continuous seminorm p on E such that Bl^ixo) C U and 
\\f{x + y)- fix) - dfix, y) II, = \\R,ix, y, 1)||, < C \\y\\l for all x e Bfixo) and y e 5^(0). 

Holder continuity at a point 
Until 1.15, K denotes a valued field. 

Definition 1.7 Let E and F be polynormed K-vcctor spaces, x E E, U C E he a neigh- 
bourhood of X, f : U — > F be a map, and a E ]0, 1]. We say that / is Holder continuous 
of degree (or Holder exponent) a at x (for short: / is Ha at x) if, for every continuous 
seminorm q on F, there exist S > 0, C > and a continuous seminorm p on E such that 
B^ix) C U and 

Wfiy) - fix)\U <Ci\\y- x||,)« for all y E B^x). (3) 

If / is Hi at X, we also say that / is Lipschitz continuous at x. We say that / is Holder 
continuous at x if f is Ha at x for some a E ]0, 1]. 

Remark 1.8 Replacing p with max{(5~^, C« } -p, we can always achieve that C — 5 — 1. 
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Lemma 1.9 For maps between subsets of polynormed K-vector spaces, we have: 

(a) /// is Ha at x then f is continuous at x. 

(b) If a > 13 and f is Ha at x, then f is Hp at x. 

(c) Any C^-map is Lipschitz continuous at each point. 

(d) /// is Ha at X and g is Hp at f{x), then g o f is Ha.p at x. 

Definition 1.10 Let / : M — be a map between Cj^- manifolds modelled on polynormed 
K- vector spaces, and a e ]0, 1]. We say that / is Holder continuous of degree a at x & M 
(or briefly: F is Ha at x), if / is continuous at x and there are a chart (f) : Ui ^ U ol 
M around x and a chart ilj-.Vi^VoiN around f{x), such that <i){f~^{Vi) HUi) V , 
y ^ '0(/(0~^(y))) is Ha at (p{x). (This then holds for any choice of (p and ip, by La. 1.9). 

Notions of differentiability at a point 

1.11 (Cf. [15, I, §3]). Let E and F be topological K-vector spaces, x e E, and f : U ^ F 
be a map defined on a neighbourhood U of x in E. The map / is called totally differentiable 
at X if there is a (necessarily unique) continuous linear map f'{x):E^F such that 

h:U-x^F, h{y) := f{x + y)- f{x) - f{x).y 

is tangent to in the sense that, for every 0-neighbourhood C F, there is a 0- 
neighbourhood V C E and a function ^ : 7 — > K defined on some 0-neighbourhood I CK 
such that I -V CU -X, 9{t) = o{t) (i.e., ^(0) = and limt^o 0{t)/t = 0), and 

h{tV) C e{t)W for all t e /. 

1.12 HE and F are polynormed, then h as before is tangent to if and only if, for every 
continuous seminorm q on F, there exists a continuous seminorm p on E such that, for 
each £ > 0, there exists S > such that -B^(O) CU — x and 

\\h{y)\U < e\\yl for all y G 5^0). 

1.13 The Chain Rule holds: If f : E D U ^ F is totally differentiable at x and the map 
g : F D V H is totally differentiable at f{x) and f{U) C V, then g o f : U H is 
totally differentiable at x, with {g o f)'{x) = g'{f{x)) o f'{x). 

Lemma 1.14 Let E and F he topological K-vector spaces, U C E be an open subset, and 
f : U ^ F be a C'^-map. Then f is totally differentiable at each x E U, and f'{x) = df{x, .) . 

1.15 Given r G NU{oo}, a map f : M ^ N between C""-manifolds modelled on topological 
K-vector spaces, and x G M, we call / totally differentiable at x if f is continuous at x 
and there exist a chart (p: Ui ^ U of M around x and a chart ijj : Vi ^ V of N around 
f{x), such that (f){f'^{Vi) DUi) ^V, y ^ Hfi^P'^iv))) is totally differentiable at (f){x).^ 

^If r > 2, then the latter property is independent of the choice of charts, by the Chain Rule (the chart 
changes are and hence totally differentiable at each point by Lemma 1.14). 
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We find it convenient to work with a certain weaker differentiability property, which even 
makes sense over arbitrary topological fields: 



1.16 Let E and F be topological vector spaces over a topological field K, U C E he open, 
X e U, and f : U F a, continuous map. Let A :— {{y, t) e E x : x + ty e U} and 
Ux :— AU {E X {0}) C £■ X K. We say that / is feebly dijferentiable at x if there is a 
(unique) continuous linear map f'{x): E ^ F making the following map continuous: 



Lemma 1.17 Let E and F be topological vector spaces over a topological field U C E 
be open, f : U F be a map, and x & U. If f is or if K is a valued field, f is 
continuous on U and totally dijferentiable at x, then f is feebly differentiable at x. 

1.18 The Chain Rule holds for feebly differentiable maps: li f : E D U ^ F is feebly 
differentiable at x and g: F DV ^ H is feebly differentiable at f{x) and f{U) C V, then 
g o f: U H is feebly differentiable at x, with {g o = g'{f{x)) o f'{x). 

1.19 A map f:M^N between C^-manifolds modelled on topological K-vector spaces is 
called feebly differentiable at a; G M if it is continuous at x and y i— >■ 'ip{f{4>~^{y))) is feebly 
differentiable at (f){x) for charts (f) and ip as in 1.15. 

Cf. [1] for a comparative study of various differentiability properties at a point. 

2 Homomorphisms between Lie groups 

We prove preparatory results concerning differentiability properties of homomorphisms. 

Lemma 2.1 Let f : G ^ H be a C^-homomorphism between Lie groups overW e {R, C}, 
where H is modelled on a locally convex space. Then f is . 

Proof. We show that / is for each /c e N, by induction. By hypothesis, / is C^. Using 
the trivialization tg' G x L{G) TG, TG{g,X) :— Ti\g[X) (where Xg-. G ^ G, x ^ gx 
denotes left translation by g) and the corresponding trivialization Th'-Hx L[H) TH, 
the tangent map Tf can be expressed as 



Since tq and th are C°°-diffeomorphisms and the continuous linear map L{f) is smooth, (4) 
shows that if / is C*^, then so is Tf. But then / being a C^-map into a manifold modelled 
on a locally convex space with Tf of class C'^, the map / is C'^^^ (cf. [2, Prop. 7.4]). □ 





Tf^TH0{fxL{f))0{TG) 



-1 



(4) 
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Lemma 2.2 Let f : G ^ H be a homomorphism between Lie groups modelled on topo- 
logical vector spaces over a topological field K. Assume that f is feebly dijjerentiable at 1 
{this is the case if K is a valued field and f is totally differentiable at 1). Then f is C^. If 
IK e {M, C} and the modelling space of H is locally convex, then f is C^. 

Proof. We let 0: f/i f/ C L{H) be a chart of H around 1, such that 0(1) = 0. There 
exists an open identity neighbourhood Vi C Ui such that ViVi C Ui, let V := 4>{Vi). Then 

li:V xV ^U, ii{x, y) := X * y := 0(0-^(a;)0-^(y)) 

expresses multipHcation on H in local coordinates. Let t/j: Pi ^ P C L{G) be a chart of G 
such that /(-Pi) ^ Ui, E P and = 0; let Qi and 5*1 be open identity neighbourhoods 
in G such that QiQi C P^, /(Qi) C Vi, Si = iSi)-\ and SiSi C Qi. Then Q := ^(Qi) 
and S := ip{Si) are open 0-neighbourhoods in L{G). Define l : S ^ S, l{x) := 
ip{ip^^{x)^^) and u: Q X Q ^ P, u{x, y) := x * y := ■ip{ip^^{x)ip~'^{y)). Then 

g:^<Poffplo'ip-':P^U 

maps to and is continuous (since / is continuous, being a homomorphism which is 
continuous at one point). Furthermore, g is feebly differentiable at by hypothesis (resp., 
Lemma 1.17). For {x, y, t) e S'^^^ {{x, y, t) e 5™ : t 7^ 0}, we have 

t-\g{x + ty)-g{x)) = t-\g{x) * gix'U {x + ty)) - g{x)) 

= t-\g{x) * (0 + tt-'g{x-' * {x + ty))) - g{x) * 0) 

= fi^'\{g{x),0), {0,t-'g{x-U{x + ty))),t) 

= /xW(((7(x),0), {0,t-'g{th{x,y,t)j),t) 

= /xW((5(x),0), {O,go{h{x,y,t),t)),t) 

where h : S'W — > iv(G), h{x,y,t) :— u^^^ {{x~^ , x) , (0, y), i) is continuous, and so is the 
map go: Po ^ L{H) (defined as in 1.16). Note that F : L{H), F{x,y,t) := 

/iW(((7(a;), 0), {0,'goihix,y,t),t)), t) makes sense on all of S^^^ The map F is continuous 
and, by the preceding, we have F{x,y,t) = j{g{x-\-ty) — g{x)) for all {x,y,t) G S^^^. Thus 
g\s is C^, with (fifls)'^' — F. Hence f\s-^ is and hence so is / on all of G, by [6, La. 3.1]. 
If K e {R, C} and L{H) is locally convex, this entails that / is C°° (Lemma 2.1). □ 



3 Holder continuous homomorphisms are smooth 

In this section, which is the core of the article, we establish the main result. 

Definition 3.1 A sequence {Xn)nefi iii ^ topological vector space E over a valued field K is 
called Mackey-Cauchy if there exists a bounded subset B <Z E and elements Hn^m ^ ^ such 
that Xn — Xm & IJ'n,mB for all n, m e N and iin,m — as both n, m — > 00 (cf. [14, p. 14]). 
We say that E is Mackey complete if every Mackey-Cauchy sequence in E is convergent 
(cf. [14, La. 2.2]). 
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Theorem 3.2 Let f : G ^ H be a homomorphism between smooth Lie groups modelled 
on locally convex, real topological vector spaces. If the modelling space of H is Mackey 
complete and f is Holder continuous at 1, then f is smooth. 

Proof. By hypothesis, / is Ha at 1 for some a e ]0, 1]. The proof proceeds in two 
steps. The first goal is to show that if ck e ]0, |], then / also is Hs^ at 1. Since the Holder 
exponent can be improved repeatedly, this means that / actually is H^ at 1 with a G ]|, 1]. 
Having achieved this, the second goal will be to show that / is totally differentiable at 1 
and hence smooth, by Lemma 2.2. 

For the moment, we only know that a G ]0, 1]. We let (f) : Ui ^ U C L{H) be a chart 
of H around 1, such that 0(1) = 0. There exist open, symmetric^ identity neighbourhoods 
Vi C Ui and Wi C Vi such that ViVi C Ui and WiWi C Vi, let V := (f){Vi) and 
W := (f){Wi). Then 

l^:V xV ^U, i^{x,y) ■.= x*y:= (j){(j)-\x)(j)-\y)) 

expresses the multiplication of H in local coordinates. Products of more than two elements 
are formed from left to right; for example, x*y*z := {x*y)*z. Of course, {x*y)*z = x*{y*z) 
whenever both products are defined (and likewise for products of more than three factors). 
Since 0*0 = and /x'(0, 0).(a;, y) = x + y, the map 

a: W X W ^ U, a{x, y) :— x*x*y 

satisfies (t(0, 0) = and a'{Q,Qi){u,v) — 2u -\- v lox u,v & ^{H). Hence, using the Taylor 
expansion of a about (0, 0), we have 

a{x, y) = 2x + y + R{x, y) for all x,y & W, 

where R{x,y) := i?i((0, 0), (x, y), 1) (cf. Proposition 1.5). Let ^ : Pi ^ P C L{G) be a 
chart of G around 1, such that /(Pi) Q Ui and V'(l) = 0; let Qi C Pi and Pi C 
be symmetric identity neighbourhoods such that QiQi C Pi, PiPi C Qi, f{Q\) C Vi, 
and /(5i) C Wi. Set Q := and B := ^(^i)- Define l: Q ^ Q, l{x) := x'^ := 

tlj{tlj~^{x)~^) and u: Q X Q ^ P, i/{x, y) :— x *y :— tlj{'ip''^{x)'ip~^{y)). Then 

g:=^of\Up^oi^-^:P^U 

is continuous, maps to 0, and is Hg, at 0. 

We now adapt the ideas explained in the Introduction for the special case of one-parameter 
groups to the present, fully general situation. To this end, let A C P be a balanced, open 
0-neighbourhood such that A*ACB, i{A) * i{A) C P, and t{A) * l{A) *AC g-^{W). 
We abbreviate (|x)~^ := t(|x) * i{^x) for x G ^ and define 

h:A^W, h{x) -.^ giilx)-^ * x) . (5) 
^Recall that an identity neighbourhood X is symmetric ii X = X~^. 
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We have g{x) = gii^x)^ * {^x) ^ * x) = gi^xf * g{{^x) ^ * x) ^ a{g{^x), g{{lx) ^x)) = 
2g{^x) + g{{^x)~'^x) + R{g{^x), g{{^x)~'^x)) for x e A and hence 

gi^x) = lg{x) - ^h{x) - ^R{g{lx), h{x)) , (6) 

with h as in (5). Since also ^x G A, hkewise g{'^x) = ^g{^x) — ^h{^x) — ^R{g{^x), h{^x)). 
Inserting the right hand side of (6) for g{^x) here, we arrive at 

g(lx) = \g(x) - \h(x) - iR(gC^x), h{x)) - ^hC^x) - hi^x)) . 

Proceeding in this way, we obtain 

n 

g{2--x) = 2-'^g{x) - J] 2-"+^-i {h{2'-'^x) + R{g{2-'^x), h{2'-'x))) (7) 

k=i 

for all n e No, by induction. Hence 

n 

2''g{2-''x) = g{x) - ^ 2^"^ {h{2^-''x) + R{g{2-^x), h{2^-^x))) (8) 
fc=i 

for aX\ X & A and n e Nq. The following lemma provides estimates on the summands in 
(8); later, these estimates will be used to show that the series is summable (see (18)). 

Lemma 3.3 Let q be a continuous seminorm on L[H). Then there exists a continuous 
seminorm p on L{G) such that -Bi(O) C A, 

\\h{x) + R{g{\x),h{^))% < \\x\\f for all x e Sf(0), (9) 

and \\g{x)\\g < (||a;||p)" for all x G £[(0). 

Proof. As a consequence of Lemma 1.6, there exists a continuous seminorm r on L{H) 
such that 5[(0) C W and 

\\Riy,z)\\, < |(max{||y||„ \\z\\r})^ for all y,ze S[(0) ; (10) 

after replacing r with r + g, we may assume that r > q. Since g is at 0, there is a 
continuous seminorm s on L{G) such that -Bi(O) C P, g(Bl{0)) C -B[(0), and 

\\9{x)\\r < lilMsT for all x e Pf(0). (11) 

We now consider the smooth map j : A ^ Q, j{x) := {^x)^'^ * x. Then j{0) — 
and j'(0) = 0, entailing that there exists a continuous seminorm p on L(G) such that 
Sf(0)CAj(5r(0))CSf(0),and 

||j(^)ll.<(lky' for all X e 5^(0) (12) 
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(cf. Lemma 1.6); we may assume that p > s. Then < — II'?(jX^^))||r < 

U\\ji^)\\sr < UMpT" for all X G 5^(0), by (11) and (12). Also ||^(|a;)||, < i(|||x||,)" < 
iMsT < (MIpT and \\h{x)\\r < i(l|a;||p)2" < (||x||p)", whence \\R{gC^x), h{x))\U < 
idl^llp)^"' i^^)- Using the preceding estimates, we obtain \\h{x) + R{g{^x), h{x))\\q < 

\\hix)\U + mgilx), h{x))\U < Kikllp)'" + -2i\W = iMlpY" for all X e 5^(0). Thus 

(9) holds. We also have \\g{x)\\g < \\g{x)\\r < |(||x||,)" < (||x||,)" < (||x||p)". □ 

Lemma 3.4 /// is at 1 with a e ]0, l^, then f also is Hs^ at 1. 

Proof. Given a continuous seminorm q on L[H), we let p be as in Lemma 3.3. In the 
following, we show that 

|b(y)||,<X2i"(||yy^ forallyeSf(O), (13) 

for a suitable constant K e [0, oo[. Thus g will be Hs^ at 0, and hence / will be Hs^ at 1. 
Using (7) and the estimates from Lemma 3.3, we obtain 



n 



U2--x)\U < 2--Ux)\U + 5^2-"+'=-l/i(2^-^x) + i?(^(2-'=x),/i(2^-'=x))||, 

k=l 

n n 

< 2~" + ^ 2-''+*="^(||2^"''a;||p)^" < 2~" + ^ 2-"+'=-i2^"~^"'= 

k=l k=l 
' n \ 

2-(l-|a)n _^ 22a-l2-(l-|")" ^ 2(^"2")'' j 2"^"" (14) 

fc=l / 

for all X E -Bf (0) and n E Nq. Here 2^*^^~i°)"' < 1 for all n E Nq. The summation formula 
for the finite geometric series yields 

" " , 9(l-ia)(n+l) _ Ol-fa 9(l-|a)(n+l) 

with c := — . We therefore obtain the following estimates for the second term in (14): 

n 

22a-i2-(i-|Q)w 2(^-2")^ < g 2^"~-^2~^"^~^"^"2^"^~^"^" = 

for all n E No, with Ki :— c2^"~^. Using the estimates just estabhshed, (14) yields 

||^(2""x) 11^ < K 2-i"" for all x E Bf{0) and n E No, (15) 

with K := 1 + Ki. Then (13) holds with K as just defined. To see this, let y E -Bi(O). 
If \\y\\p — 0, then ||5'(y)||g < \\y\\p = < i^22"||y||2 ^ as desired. If \\y\\p > 0, then there 
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exists n e No such that 2""-^ < < 2"'^. Thus 2-^* < 2||y||p. Since y = 2-"x with 
X := 2"y e S[(0), (15) yields 

\\g{y)\\, = \\9{2--x)\U < K{2--)l^ < K{2\\y\\,)l^ = K2l"{\\y\\,)l'^ , 

whence (13) also holds if \\y\\p > 0. This completes the proof of Lemma 3.4. □ 

If a e ]0, |], there exists k eN such that (D'^-^o; < | and f3 := (D'^a e ]i, 1]. Repeated 
application of Lemma 3.4 shows that / is Hp at 1. After replacing a with /3, we may 
assume throughout the following that a e ]|, 1]- 

In the remainder of the proof, we show that g is totally differentiable at 0. The main point 
is to construct a candidate A for the derivative g'{0)- We first construct A = A|^ on the 
0- neighbourhood A C L{G) (from above). 

Lemma 3.5 The limit X{x) :— lim„-^oo exists in L{H), for each x & A. For 

each continuous seminorm q on L{H), the convergence of ^^^-n^^ i^iH), \\-\\q) is locally 
uniform in x. The map A: A — > L{H) is continuous. 

Proof. Fix xq e A. Given a continuous seminorm q on L{H), we let p be as in Lemma 3.3. 
There is N eN such that 2~^||xo||p < 1. Then S :— S^^(O) fl A is an open neighbourhood 
of xo in A such that 2"^^ C (0) C A. Abbreviate C := 2^"^ and K := j^^^- Let 
M > N. For all m,n > M (where m >n, say), using (8) we obtain for all x e S: 

m 

S'^-' (/i(2^-^x) + R{g{2-''x), h{2^-''xj)) 

k=n+l g 
m 

< Yl ^'-'\\H2^-'x) + R(g(2-'x), h(2'-''x))\U 

k=n+l 

m m 

< 2'=-i22"M < C22"-i ^ 2-(2"-i)'^ (16) 

< X. (2-(2"-i))"+i < X. (2-(2"-i))^+i, (17) 

using (9) to pass to the third hne, then using that 2~*^^"~^) < 1 since a e ]|, 1]. Here, the 
final expression tends to as M — > cxd, uniformly in a; G 5*. 

By the preceding considerations, {2"'g{2~'^xo))^^j^^ is a Cauchy sequence in L{H) in 
particular. Hence, if L{H) is sequentially complete, the limit 

CO 

Xixo) := lim 2"^(2-"xo) = gixo) - V 2''-\hi2'-''xo) + R{g{2-^xo), /i(2^-*^xo))) (18) 

n— >oo ' * 

fe=l 

exists in L[H). As we shall presently sec, the limit also exists when L(H) is Mackey 
complete. Assuming the validity of this claim for the moment, letting m — > oo in the lines 



2-^(2— x)-2"^(2-'^x) = 
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before (17) we obtain \\X{x) - 2"^(2-"x)|| < K ■ (2-(2°-i))J^+i for all n > M. Hence 
\\X{x) - 2"^(2-"x)|| uniformly in X E S, proving the second assertion of the lemma. 
The preceding also entails that A is continuous. 

To complete the proof, it only remains to prove our claim that the limit (18) exists. Since 
L{H) is Mackey complete, we only need to show that (fn)neN is a Mackey-Cauchy sequence, 
where := 2''g{2-''xo). To this end, pick a G ]2-(2"-i), 1[ and define r„,„ := a™°{''''">+^ 
Then rn,m — >^ as both n, m — > oo, and 

~ ^ T^n^m ^ fo^ all n, m G N , 

where Q := {'"^Jn(i'n ~ v^) : ri, m e N}. If we can show that Q is bounded in E, then 
{vn)nef^ will be Mackey-Cauchy. To prove boundedness, assume that g is a continuous 
seminorm on L{H). Let p, N and K be as before. For all n, m e N, we have, abbreviating 
£ :— max{A^ + 1, min{n, m} + 1}: 



\rn,m[^'n - Vm)\\q 



max{n,m} 

< a-'°*"{"'"^>-' J2 '2''~^\h{2^~''xo) + R{g{2-''xo),h{2^-''xo))\\g 

fc=min{n,m}+l 

max{n,m} 

< C, + a-'"''^^"'"*}-^ 2*^"iM2'~'^o)+i?(^(2-*^xo),M2'"'2:o))||, 

k=e 

< Cg + a-'^i^{"'™>-iir(2-(2"-^Y 

< Cg + i^(a-i2-(2"-i))'"Mn,m}+i <Cg + K, 

where Cg := a'^-^ Ylk=2 2''-^\\h{2^-''xo) + R{g{2-''xo), h{2^-''xo))\\g is an upper bound for 
the sum of all terms with k < N, for which we do not have estimates available. Passing 
to the third line, we tackled the summands with A; > as in the proof of (17). The final 
inequality holds because a~^2~(^°~^) < 1, by the choice of a. Thus \\v\\g < Cg + K for all 
V & ft, entailing that is indeed bounded. □ 

Before we can prove that A extends to a continuous linear map, we need another technical 
result analogous to Lemma 3.3. 

Let Z C A be an open 0-neighbourhood such that Z + Z Q A. We define j : Z x Z ^ Q, 
j(x,y) ■.= y-'^*x-^*{x + y). Then j(^ x Z) C g-\W). The map r : x Vl^ x Vl^ ^ [/, 
t{x, y,z) :— X * y * z is smooth, with t(0, 0, 0) = and t'(0, 0, 0){u,v,w) — u + v + w for 
all u,v,w e L{H). Let Ri:{W xW X W)^^'^ L{H) be the first order Taylor remainder 
of T. Abbreviating D{x, y, z) :— -Ri((0, 0, 0), (x, y, z), 1), we then have 

T{x,y, z) — X + y + z + D{x,y, z) ior all x,y, z & W . (19) 

Lemma 3.6 For every continuous seminorm q onL{H), there is a continuous seminorm p 
on L{G) such that B\{Qi) C Z and 

\\9{3{x,y)) + D{g{x), g{y), g{j{x,y))) \\ < (max{||a;||p, |||/||p})^" for all x,y e 5^(0). 
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Proof. There exists a continuous seminorm r on L{H) such that -B[(0) C W, 

\\D{x,y,z)\\q < i(max{||a;||^, \\y\\r, \\z\\r}f for all x,y,z e ^[(O) , (20) 

and r > q (cf. Lemma 1.6). Since g is Ha at 0, there exists a continuous seminorm s on 
L{G) such that 5|(0) C P, g{Bl{0)) C P[(0), and 

lb(^)||. < UMsT for all X e BliO). (21) 

Since j is smooth, j(0,0) = and j'(0,0) = 0, there exists a continuous seminorm p on 
L{G) such that 5^(0) C Z, j{B^iO) x 5f(0)) C ^^^(O), and 

\\j{x,y)\\s<{max{\\x\\p,\\y\\p})^ for all x, y e Pf (0) (22) 

(cf. Lemma 1.6); we may assume that p > s. Then ||g'(j(a;, y))||g < ||g'(j(x, y))||r < 
i(||j(a;,y)||s)" < |(max{||x||p, ||y||p})^" for allx,?/ G Sf(0), by (21) and (22). Furthermore, 
\\gix)\\r < UMsT < (Msr < (MpT, likewise \\g{y)\\r. < (||i/||p)-, and \\gij{x,y))\[, < 
i(max{||a;||p, |||/||p})^" < (max{||a;||p, |||/||p})", entailing that \\D{g{x), g{y), g{j{x,y)))\\q < 
|(max{||a;||p, |||/||p})2", by (20). We now obtain \\g{j{x,y)) + D{g{x), g{y), g{j{x,y)))\\q < 
(max{||a;||p, ||y||p})^" for all x,y E -Bf(O), using the triangle inequality. □ 

Lemma 3.7 There exists a continuous linear map A: L{G) L{H) such that X{x) = A{x) 
for all X & A. 

Proof. If we can show that 

X{x + y) = X{x) + X{y) for all x,y e A such that x + y e A, (23) 

then, by [12, Cor. A. 2. 27], the continuous map A extends to a continuous homomorphism 
of groups A: L{G) — > L{H). Being a continuous homomorphism between real topological 
vector spaces, A will be continuous linear. 

To prove (23), fix x, y G A such that x + y & A. There is no G N such that 2~"'x G Z 
and 2~"|/ G Z for all n > uq. For any such n, (19) shows that 

g(2-^(x + y)) = g{2-^x + 2-^y) 

= g{2--x) * g{2--y) * g{{2--y)-'*{2--x)-'*{2-^x + 2-^y)) 

= gi2-^x) * g{2'^y) * g{j{2-^x,2-^y)) 

= ^(2-"x) +^(2-'^y) +r„, 

where r„ := ^(i(2-"x, 2-^y)) + D{g{2-^x),g{2-^y),g{j{2-^x, 2-^y))). Thus 

2"^(2-'^(a; + y)) -2"^(2-'*x) -2"^(2-"y) = 2X for aU n > Hq. (24) 

Note that the left hand side of (24) converges io X{x + y) — X{x) ^ X{y) as n — > oo. Hence 
X{x + y) — X{x) + X{y) will hold if we can show that 2"rn ^ in L{H) as n — > oo. To this 
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end, given a continuous seminorm q on L{H), let p be as in Lemma 3.6. There is rii > no 

such that 2~"a;, 2~"i/ G -Bi(O) for ah n > rii. For any such n, the cited lemma yields 

||2V„||, = 2"||r„||, < 2"(max{||2-"x||p, \\2-^y\\p}f^ < (2-(2"-i))" • (max{||x||p, 

which tends to as n — >• oo. Thus 2"r„ — >• 0. □ 



Lemma 3.8 g is totally differentiable at 0, with g'{0) — A. 

Proof. Given a continuous seminorm q on L{H), Lemma 3.3 provides a continuous semi- 
norm p on L{G) such that -Bi (0) C A and (9) holds. Choosing n :— and letting m — > oo 
in the first half of (16), we find that 

||A(x) - ^(a;)||^ < c||a;||f for all x e 5f(0), 

where c := 2'^"-'^ Y.T=i 2"(^""i)^ < oo. Since 2a - 1 > 0, given e > 0, there exists p e ]0, 1] 
such that cp'^°'~^ < e. Then B^{0) C A, and for each x e -B^(O) we have 

\\g{x) - g{0) - A{x)\\g = \\g{x) - A{x)\\g < c\\x\\l'^-^\\x\\p < cp'^'^-^\\x\\p < e\\x\\p . 

Hence g is totally differentiable at 0, with g'{0) — A. This completes the proof of 
Lemma 3.8. □ 

Having proved Lemma 3.8, also Theorem 3.2 is now fully established. □ 

Note that Lemma 3.4 does not make use of the Mackey completeness of L[H). Beyond 
the real case (and independent of Mackey completeness of L{H)), we still have: 

Proposition 3.9 Let K 6e a valued field, a e]0, 1], and f : G H be a homomorphism 
between Lie groups modelled on polynormed K-vector spaces. Then f is Holder continuous 
of degree a at 1 if and only if f is Holder continuous of degree a. 

See Appendix B for the precise definitions and the proof. 



4 Homomorphisms between p-adic Lie groups 

We now formulate a (slightly weaker) analogue of Theorem 3.2 for p-adic Lie groups. The 
proof carries over rather directly, whence we only indicate the most important changes. 

Theorem 4.1 Let f : G ^ H be a homomorphism between smooth Lie groups modelled 
on polynormed Qp-vector spaces. If f is Holder continuous at 1 and the modelling space 
of H is Mackey complete, then f is Cq^ . 
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Proof. By hypothesis, / is at 1 for some a e ]0, 1]. We let 0: C/i — > C/ C L{H) be a 
chart of H around 1, such that 0(1) = 0. There exist open, symmetric identity neighbour- 
hoods Vi C Ui and Wi C Vi such that V^Vi C and (W^^^f+i := C let 
V := and := Define ' ^^^^ ' 

Then the A;-fold products xi*X2*- ■ ■*Xk are defined (and contained in V), for all k < 2p+l, 
xi,. . . ,Xk e W, and every choice of brackets in this product. The map a: W xW ^ U, 
(j{x,y) :— x^ * y satisfies cr(0, 0) = and a'{0,0){u,v) — pu + v ior u,v e L{H). The 
Taylor expansion around (0, 0) yields 

a{x, y) — px + y + R{x, y) for all x,y & W, 

where R{x,y) := i?i((0,0), (x.y), 1). Let ip : Pi ^ P C L{G) be a chart of G around 1, 
such that /(Pi) C Ui and ^(1) = 0; let Qi C Pi and Bi C Qi be symmetric identity 
neighbourhoods such that QiQi C P^, /(Qi) C Vi, {Bifv+^ C Qi, and /(Pi) C M^i. Set 
Q := ■^(Qi) and P := V'(Pi)- Define u: Q x Q ^ P, i'{x,y) := x *y := ip{ilj~^{x)ip~^{y)). 
Then g := (f) o /|p| o -0"^ : P ^ f/ is continuous, maps to 0, and is Ha at 0. Let A C B 
be a balanced, open 0-neighbourhood such that g{x~P * px) e W for all x e ^. We define 

h:A^W, h{x) := ^(x"*' * px) . (25) 

For a; e A, we have 5'(]9a;) = (^(a;^ * {x^^ * px)) = g{x)^ * g{x~^ * px) = a{g{x), h{x)) — 
pg{x) + h{x) + R{g{x), h{x)). Likewise, g{p^x) = pg{px) + h{px) + R{g{px), h{px)) — 
p^g{x) +ph{x) + pR{g{x), h{x)) + h{px) + R{g{px), h{px)) and similarly 

n 

gijfx) = p^'gix) + ^p"-^ {h{p^-^x) + R{g{p''-^x), h{p^-^x))) (26) 
for all X e A and n e No, by induction. Hence 

= g{x) + X^p-'^ (/i(/-^x) + R{g{p'-'x), h{p'-'x))) (27) 
^ fc=i 

for all x e A and n e Nq. As in the proof of Lemma 3.3, we see: 

Lemma 4.2 Let q be a continuous seminorm on L{H). Then there exists a continuous 
seminorm b on L{G) such that B\{Q) C A, 

\\h{x) + R{g{x),h{x))\U < Ikllf for all x e B\{Q), 

and \\g{x)\\q < (||x||6)" for all x e Pj(0). □ 

Using Lemma 4.2, we obtain by a simple adaptation of the proof of Lemma 3.4 (where now 
p e Qp with \p\ — p~^ plays the role of | e M): 
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Lemma 4.3 /// is Ha at 1 with a e ]0, |], then f also is Hs^ at 1. □ 
By the preceding, we may assume now that a e ]|, 1]- 

Lemma 4.4 The limit X{x) :— hm„_,.oo ^^n^^ exists in L{H), for each x E A. For each 
continuous seminorm q on L{H), the convergence of^^^^ in {L(H), \\.\\q) is locally uniform 
in X. The map A: A — > L{H) is continuous. 

Proof. The arguments from the real case are easily adapted. To prove that '■— 
p~'^g{p"'Xo) is a Mackey-Cauchy sequence for xq G A, pick < ^ e Q such that p~^ e 
1[; set r„^„ := p[eimm{n,m}+i)] g Q^^ where [.] is the Gauss bracket (integer part). 
Thus \rn,m\ — p~[''(™^{'^''"Hi)] ^ as n, m — > oo. Now complete the proof as above. □ 

Let Z CA be an open 0-neighbourhood such that Z + Z C A and Z"'^ * Z~'^ * {Z + Z) C A. 
We define j : Z x Z ^ A, j{x,y) := y-^ * x'^ * (x + y). Then j{Z x Z) C g-\W). 
The map t: WxWxW^U, t{x, y,z) := x * y * z is smooth, with r(0, 0, 0) = and 
r'(0,0,0)(M,t;,w;) = u + v + w ioi a\\ u,v,w e L{H). Let Ri: {W xW x ^ L{H) 

be the first order Taylor remainder of r. Then t{x, y,z) = x + y + z + D{x,y, z) for all 
x,y,z & W, with D{x, y, z) := i?i((0, 0, 0), {x, y, z), 1). Lemma 3.6 carries over: 

Lemma 4.5 For every continuous seminorm q on L[H), there is a continuous seminorm b 
on L{G) such that B\{fS) C Z and 

II g{3{x,y)) + D{g{x), g{y), g{j{x,y))) ||^ < (max{||x||6, \\y\\b})'"' for all x,y e Sf(0).n 

Lemma 4.6 A extends to a continuous Qp-linear map A: L{G) — >• L{H). 

Proof. The proof of Lemma 3.7 is easily adapted. □ 

In view of Lemma 2.2, Theorem 4.1 follows from the next lemma, whose proof directly 
parallels that of Lemma 3.8: 

Lemma 4.7 g is totally differentiable at 0, with g'{0) — A. □ 

A Proofs for the auxiliary results from Section 1 

In this appendix, we prove the results stated without proof in Section 1. Not all techniques 
from the real case carry over to general valued fields K, whence some of the proofs may look 
slightly unfamiliar. In particular, given an clement a; of a polynormed K-vector space E 
and a continuous seminorm q on E such that > 0, there need not be an element 

r G K such that ||rx||g = 1. As a substitute for normalization, we shall frequently fix an 
element a G such that \a\ < 1, and consider a~''x where /c G Z is chosen such that 
|a|''+^ < \\x\\q < \a\''. 
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Proof of Lemma 1.6. We use the second order Taylor expansion of /, 

fix + ty) - fix) - tdfix, y) = t^a2ix, y) + ^ R2ix, y, t) for (x, y, t) e t/W. 

Since /?2(j'o! 0, 0) = and 0,2 (xq, 0) = 0, there exists p e ]0, 1] and a continuous seminorm 
s on E such that S|^(a;o) Q U, 

\\R2ix,yMq < 1 for all x e E;(xo), y e 5^(0) and \t\ < p, 

and ||a2(a;, llg < 1 for all x G B^ixo) and y G -Bp(O). Pick a G such that \a\ < 1; 
define 6 := p^|a| < p, c := 2/(p|a|)^, and p := niaxj^, Let x G -B^(a;o) and 

y G -Bf(O); then x G -B|(a;o) and y G -B|(0). If > 0, there exists k E Z such that 
1^1^+1 < p-i|||/||^ < [al*^. Then 110^*^1/115 < p and \a''\ < \a\^^p^^\\y\\s < p. If \\y\\s = 0, let 
e e ]0, p[ and choose A; G N so large that \a\'^ < p and 2|ap'^ < e. Then, in either case, 

fix + y)- fix) = fix + a^a-%) - fix) = dfix, y) + a^''a2ix, a-%) + a^^R2ix, a-^y, ol") 

with r := \\a?'^a2ix, a~'^y)+a'^''R2ix, a~^y, a^)\\q < |ap'=(||a2(x, a~*^|/)||g + ||i?2(a:, a~^y, a^)\\q) 
< 2|ap^. If \\y\\s > 0, the preceding formula shows that r < 2|a|^^p^^||y||^ = c||t/||^ < 
If \\y\\s = 0. wc have r < e and thus r = < C||y||p, as e was arbitrary. Hence 
Wfix + y)^ f ix) - dfix,y)\\q < C\\y\\l for all x G fif(xo) and y G BfiO). □ 

Proof of Lemma 1.9. (a) and (b) are trivial; (c) follows from Lemma B.2 (a) and (e). 

(d) Let E, F and H be polynormed K-vector spaces, U E and V C F he open, x E U 
and f : U F, g: V ^ H he maps such that fiU) C V, / is Ha at x, and g is Hp at /(a;). 
Given a continuous seminorm q on H, there exists a continuous seminorm p on F such 
that C V and ||^(z) - ^(/(a;))||, < \\z - fix)\\^ for all z G B^ifix)). There is a 

continuous seminorm r on E such that -B[(0) C [/ and \\fiy) — fix)\\p < \\y — < 1 for 
ally G Blix). Then < \\fiy)-fix)fp < for all t/ G 5[(0).n 

Proof of 1.12. If h is tangent to 0, let g be a continuous seminorm on F. For W := BfiO) 
we then find V and ^: J IK as in 1.11. We may assume that V is balanced and 
I = Brio) C K for some r > 0. There exists a continuous seminorm p on E such that 
^1 (0) C y and 5f (0) C [/ - x. Replacing V with 5[(0), we may assume that V = 5[(0). 
Fix a G such that \a\ < 1. Given £ > 0, there exists S G ]0, 1] such that -^^^ < e\a\ if 
|i| < 5. Then S^(0) C Sf(0) C [/ - x. Let G Sf(0); we claim that \\hiy)\\g < £\\y\\p. If 
\\y\\p = 0, then t~^y G for each 7^ t G /, whence = G 6'(t)W^ and thus 

< I^WI- Hence = < e\\y\\p. If !|y||p > 0, then there is A; G No such that 

|a|''+^ < \\y\\p < \a\''. Set t := aK Then f-^y G V and thus hiy) = hitit-^y)) G ^(t)l^, 
whence = with G W^. Hence \\hiy)\\q = \9it)\-\\w\\q < \9it)\ < e \a\ \t\ < £\\y\\p. 

Conversely, assume that the condition from 1.12 is satisfied. Given a 0-neighbourhood 
W C F, there exists a continuous seminorm q on F such that BfiO) C W. We choose 
a continuous seminorm p on i? as described in 1.12. Let (ari)„gN be a sequence in 
such that lim„_>ooan — 0. For each n, there exists 5„ > such that Bg^iO) C U — x and 
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||^(?/)||g < lonMlyllp for ally e B'^^{0). We may assume that 5i > ^2 > • • • and lim„^oo <^n — 

0. Now set V := B^{0) and define 9 : I ^ K on I := Bs,{0) CK via ^(0) = 0, 9{t) := aj 
if \t\ G [Sn+i,Sn[. Then e{t) = o{t) and IV C 5^^(0) C f/-x. Furthermore, h{tv) C ^(t)l^ 
for t G / and v E V: This is trivial if t = 0, and also if t 7^ and ||f ||p = 0, because then 
\\h{'^''j)\\q ^ l"^"! ■ II'^-'^IIp = (fo^ ^) hence h{tv) G 9"^({0}) C 9{t)W. Otherwise, 
< ll^t'llp G [(^n+i)<^n[ for some n and thus < |a„| • \\tv\\q — • \\v\\q < \tan\, 

whence G 5^to„|(0) = tanBl{0) = e{t)Bl{0) C ^(i)M^. Hence /i is tangent to 0. □ 

Proof of 1.13. Let /, g be as in 1.13, and Wi C H he a 0-neighbourhood. There is a 
balanced 0-neighbourhood W ^ H such that W + W C Wi. As g is totally differentiable 
at f{x) and g'{f{x)) continuous linear, we find balanced 0-neighbourhoods Pi C F, / C K 
and a map 6 : I K. which is o{t), such that g'{f{x)).Pi C W, IPi ^ V — f{x), and 

h2{tPi) C 0{t)WiovteI, where /12: ^ if, /i2(^) = <7(/(a;)+;2)-5(/(a;))-5'(/(a;))-^- 

There is a balanced 0-neighbourhood P C F such that P + P C Pi. 

Define hi: U — x ^ F, hi{y) := f{x + y) — f{x) — f'{x).y. There are 0-neighbourhoods 
Q (1 E, J (1 K and a map ^ : J — K which is o{t), such that JQ ^ U — x, f'{x).Q C P, and 
hi{tQ) C C,{t)P. After shrinking / and J, we may assume that / = J and |^| < 1 for all 
Oy^tel. Define 77: / ^ K via r/it) := 9{t) if m\ > m\, v{t) ■= m if \m\ < KWI- 
Define A := <7'(/(x)) o f'{x) andh:U-x^H, h{y) := g{f{x + y))- g{f{x)) A.y. Then 

Ky) = gifix) + f'{x).y + hi{y))-g{f{x))~A.y 

= ^?(/(:^^)) + 9'{fix)).z + /i2(^) - gifix)) - A.y 
= g'{f{x)).hiiy) + h,inx).y + hi{y)), 

where z := f'{x).y + hi{y). Let t e I and y e Q. Then hi{ty) G C(t)i' ^ ^(t)Pi C ri{t)Pi 
as Pi is balanced, and thus g'{f{x)).hi{ty) G r]{t)W. Furthermore, f'{x).ty G iP and 
hi{ty) G ^(t)P C tP (as < whence f'{x).ty + hi{ty) G t{P + P) C iPi and 

thus h2{f'{x).ty + hi{ty)) G 6'(t)W^ C r7(t)W^, using that is balanced. Hence h{ty) = 
g'if ix)).hiity) + h2if'ix).ty + hi{ty)) e r]{t){W + W) C r]{t)Wi, and thus h{tQ) C n{t)Wi. 
We have shown that h is tangent to 0; the assertions follow. □ 

Proof of Lemma 1.14. We consider the second order Taylor expansion of / : 

f{x + tv) = f{x) + t df{x, v) + t^a2{x, v) + fR2{x, v, t) for all (x, v, t) G C/W (28) 

(see Proposition 1.5). Fix x E U. The map f'{x) := df{x,.) : E ^ F being continuous 
linear, to establish total differentiability of / at x we only need to show that 

h:U-x^F, h{y) f{x + y) - f{x) - f{x).y 

is tangent to 0. To this end, let be a 0-neighbourhood in F. There exists a 0- 
neighbourhood Wi<Z F such that VFi -M^i C W. As R^ix, 0, 0) = and P2 is continuous, 
there is a 0-neighbourhood V ^ E and a 0-neighbourhood / C K such that (x, t) G C/W 
and R2{x, v, t) G Wi for all f G K and t E I. Since 02 is continuous and 02(2;, 0) = 0, after 
shrinking V we may assume that furthermore a2{x.,v) G Wi for all v eV. Define 
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Then 9{t) — o{t). For each t e I and y e tV, say y — tv with v eV, we have 
h{y) = t\a2{x, v) + R2{x, V, t)) G t\Wi + W^) C = e{t)W , 
using (28). Hence h is indeed tangent to 0. □ 

Proof of Lemma 1.17. If / is C\ set f'{x) := df{x,,). Then f{y,t) = f^\x,y,t) is 
continuous. 

Now assume ^hat K is a valued field, / is continuous on U and totally differentiable 
at X. Define : Ux ^ E asm 1.16, using the total differential f'{x). Since / is continuous, 
so is fx\A- By a theorem of Bourbaki and Dieudonne [3, Exerc. 3.2 A (b)], the map fx is 
continuous if its restriction /x|au{(j/,o)} is continuous for each y E E. This will hold if 
we can show that fx{ya,ta) fxiy,^) for each net {ya,ta) in ^ converging to (y, 0) for 
some y E E. To see that this condition is satisfied, let Wi C F be a 0-neighbourhood. 
There is a balanced 0-neighbourhood W C F such that W + W C Wi. Since / is totally 
differentiable at x, there exists an open 0-neighbourhood V E and a function ^: 7 — > K 
on some 0-neighbourhood in K such that I ■ V C U — x holds, 6{t) — o{t), and 

f(x + sv) e f{x) + sf'{x).v + e{s)W for all V e y and s e /. (29) 

Pick r G such that ry G V. As {ya, to) — * (y, 0), there exists (3 such that f'{x).{ya—y) G 
W, Va '■= rya G V, Sa '■= T^^ta G /, and |6'(sQ)|/|sa| < |r| for all a > (3. For any such a, 
(29) applied to x -|- taya = x + SaVa shows that 

Liy., t.) - Liy, O) e nx).y^ - nx).y + ^-^W <ZW+ ^-^W QW + WQW,. 
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Thus indeed fx {ya ,ta) ^ fxiy,0)- ^ 

Proof of 1.18. We define fx'-Ux^E and 'gf{x) '■ ^f{x) — > as in 1.16 and abbreviate 
h:— go f:U — > if . For any y E E and t G such that x + ty E U, we calculate 

h{x + ty)-hix) 9{m + tl^^±^)-g{f{x)) ^ ^ ^ ^ ^ 
^ J — = ^ ^ = 9f{x){fx{y:t),t) = hx{y,t) 

where ^ H, hx{y,t) := gf(x){fx{y,t),'t) is continuous, and the map hx{',0) — 

g'{f{x)) o f'{x) is continuous hnear. Thus h — g o f is feebly differentiable at x. □ 



B Holder continuity at 1 entails Holder continuity 

So far, we only considered Holder continuity at a point. We now discuss mappings which 
are Holder continuous on all of their domain. Basic facts are provided and a proof for 
Proposition 3.9 is given. 
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Definition B.l Let E and F be polynormed vector spaces over a valued field K, and 
U C E he open. A map f : U F is called Holder continuous of degree a (or H^, for 
short) if, for every xq E U and continuous seminorm q on F, there exists a continuous 
seminorm p on E and 6 > such that B^{xo) C U and \\f{y) — f{x)\\q < \\y — x\\p, for all 
x,y E Bg{xo). If / is Hi, we also say that / is Lipschitz continuous. 

Lemma B.2 For maps between open subsets of polynormed K-vector spaces, we have: 

(a) If f : E D U ^ F is H^, then f is Ha at each x & U. 

(b) // / is Ha then f is continuous. 

(c) If a> j3 and f is Ha, then f is Hp. 

(d) /// and g are composable maps such that f is Ha and g is Hp, then g o f is Ha-p. 

(e) Any C^-map is Lipschitz continuous. 

Proof, (a), (b) and (c) arc obvious; (d) can be proved as Lemma 1.9(d). 

(e) We use the first order Taylor expansion f{x + ty) — f{x) = tdf{x,y) + tRi{x,y,t) 
of the C^-map f:EDU^F. Here 

Ri{x, y, 1) = tRi{x, t~^y, t) for i e and {x,y) e U x E such that x + y e U. 

Fix xq & U. Let g be a continuous seminorm on F. Pick a e such that \a\ < 1. 
Since df{xo,0) = 0, using the continuity of df we find a continuous seminorm r on E 
such that Bl{xo) C U and ||(i/(x, y) ||q < \a\ for all x G B[{xo) and y G -Bi(O), whence 
IM/(2^)2/)||g < llyllr for all X G Bl{xo) and y G E. Since Ri{xo,0,0) = 0, we find a 
continuous seminorm p on E and p g]0, 1] such that i?2p(a^o) ^ U and ||i?i(a;, 7/, t)||g < 1 
for all X G BP{xo), y G -B^(O) and t G -Bp(O) C K; we may assume that p > r. Define 
S := |p^|a|. Given x,y E B^{xq), set z := y — x. If ||2;||p > 0, there is A; G Z such 
that lal'^"'"-'- < p^-'-||2;||p < |a|^. Then ||a^^2;||p < p and |a^| < |a|~"^p^"^||2;||p < p, whence 
\\Ri{x, -2, 1)11 Q = |a^| \\Ri{x, a^'^z, a^)||g < \a'^\ < \a\~^p~^\\z\\p and thus \\f{x+z)—f{x)\\q < 
\\df{x,z)\\q + \\Ri{x,z, l)\\q < (1 + \a\-^p-^)\\z\\p. Hence 

\\f{y) - f{x)\\q < (1 + \a\-'p-')\\y - x\\p . (30) 

If ||2;||p = 0, given e > pick t G such that \t\ < min{p, e}. Then [[(//(x, 2;)||g = 
and ||i?i(a;, 1) llg = \t\ \\Ri{x,t^^z,t)\\q < \t\ < e, whence ||i?i(a;, 2;, l)||g = (as £ was 
arbitrary). Thus (30) also holds if = 0. □ 

Definition B.3 Let /: M — ^ be a map between Cj^-manifolds modelled on polynormed 
K-vector spaces, and a G ]0, 1]. We say that / is Holder continuous of degree a (or briefiy: 
/ is Ha), if / is continuous and, for each xq G M, there exist a chart cf) : Ui ^ U of M 
around Xq and a chart ip : Vi ^ V of N around f{xo), such that d>{f^^{Vi) fl Ui) —>■ V, 
y ^ '4^{f{4'~^{y))) is Ha. (This then holds for any choice of 4> and ip, by Lemma B.2). 
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Proof of Proposition 3.9. Let / be if^ at 1. If we can show that f\u is for an open 

identity neighbourhood U C G, then f\xu = ^f(x)° f\u°'^x-'^\xU (with left translation maps 
as indicated) will be Ha by Lemma B.2 (d) and (e), for each xeG, whence / will be Ha- 
We choose charts : Pi — > P C L{G) and '■ Qi ^ Q '■^ L{H) around 1 of G and 
H, respectively, such that 0(1) = 0, = and /(Pi) Q Qi- There arc symmetric 

identity neighbourhoods Xi,Ui C G and Yi,Vi C H such that XiXi C Pi, UiUi C Xi, 
YrYr C Qi, VrVr C Yi, f{X^) C Fi, and /(C/i) C ^i; set X := 0(Xi), [/ := 0(C/i), 
y := ^(y^), and V := ij{Vi). We write fi : X x X ^ P eiud u : Y x Y ^ Q {or "*") 
for the local multiplications obtained from the respective group multiplication, and define 
g := ip o f\p o (p~^\p: P Q. Let g be a continuous seminorm on L{H), and Xq G t/. As u 
is Hi, there is a continuous seminorm p on L{H) such that Bf{g{xQ)) x Bf{0) CVxV and 

\\iy{u, v) — iy{u', v')\\q < max{||M' — u\\p, \\v' — v\\p} for all u, u' e Pi(a;o), v' e Pi(0). 

Now being Ha at 0, there exists a continuous seminorm r on L{G) such that P[(0) C X 
and ||5'(a;)||p < \\x\\^ for all a; G ^[(O). The map h: U x U ^ X, h{u,v) := nr^ * v being 
Lipschitz continuous, there is a continuous seminorm s > r on L{G) such that BI[xq) C U , 
h{B{{xQ) X Bl{xo)) C P[(0), and 

\\h{u, v) — h{u', v')\\r < max{||K — u'\\s, \\v — v'\\s} for all u, u', v, v' e P^(xo). 

For any x,y e B((xo) C [/, we obtain 

hiy) - 9{x)\\q = \\g{x) * g{x'^ *y)- g{x)\\q = \\u{g{x), g{x-^ * y)) - p{g{x), 0)||g 

< max{||^(a;) -^(x)||p, \\g{x'^ *y)\\p} = \\g{x'^ * y)\\p 

< \\^~^ *y\\r = \\h{^,y) - h{x,x)\\^ < Wy-xW^. 

Hence g\u is H^ indeed. □ 
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